The time-harmonic Maxwell equations do not have an elliptic nature by themselves. Their regularization by a divergence term is a standard tool to obtain equivalent elliptic problems. Nodal finite element discretizations of Maxwell's equations obtained from such a regularization converge to wrong solutions in any non-convex polygon. Modification of the regularization term consisting in the introduction of a weight restores the convergence of nodal FEM, providing optimal convergence rates for the 
Introduction

0.a FEM discretizations of Maxwell equations
When applied to the discretization of boundary value problems associated with standard elliptic equations such as Laplace's equation or the system of elasticity, the convergence of the Finite Element Method (FEM) is well understood by now, in particular for two-dimensional or three-dimensional domains with corners and edges. Low convergence rates caused by edge and vertex singularities can be overcome by a variety of techniques, such as isotropic or anisotropic algebraic mesh refinement ( £ Version of FEM), increase of the polynomial degree (spectral methods or ¤ Version of FEM), or a combination of both, more precisely, by combining geometric mesh refinement with an increase of the polynomial degree ¤ . This latter method is known as the £ ¥ ¤ Version of FEM and was introduced by BABUŠKA et al. [4, 8, 9, 33] . We know from [5, 6, 25, 26] and [32] that, when the boundary of the domain and the data are piecewise analytic, the
£ ¥ ¤
Version of the FEM gives approximate solutions to elliptic problems with exponential convergence rates: This means that the error is divided by an asymptotically constant factor as the polynomial degree Time-harmonic Maxwell equations form a system of order and, by themselves, do not exhibit standard ellipticity. There are two main strategies to discretize them by FEM, see the survey papers [28, 21] . The first one enforces the divergence-free constraint with the help of a Lagrange multiplier and requires the use of special compatible polynomial bases and interpolants, respecting the commuting diagram properties (NÉDÉLEC and RAVIART-THOMAS elements, known as edge elements). The second strategy transforms the Maxwell system into an elliptic system of Helmholtz equations by "regularization", which consists of adding in the variational formulation a divergence term " ! $ # & % ( ' ) 0 on the boundary of the domain. Thus the discretization by a finite element method based on nodal elements appears promising, and of simpler use and analysis than the edge elements.
In practice, nodal discretizations of the Maxwell equations are suitable only for regular domains or at best for convex polygons or polyhedra. Indeed, if the domain has reentrant corners or edges, the subspace of
is closed in
4
, without being dense, see [17, 23, 19] . Since any discrete conforming space based on a standard nodal finite element method is contained in C E D , nodal FEM converges in this situation in general to a wrong solution, see [18] .
Nevertheless, a slight modification of that method restores its full efficiency and accuracy: In [20] , COSTABEL-DAUGE introduced a positive weight in the divergence term which does not alter the equivalence properties with the original Maxwell problem, but enlarges the associated energy space. They proved that there exist weight functions so that the subspace of continuous functions is now dense in the enlarged energy space restoring the possibility of Galerkin discretizations in electromagnetics based on nodal finite elements. In [20] it was also demonstrated ¢ ¡ -FEM FOR THE WEIGHTED REGULARIZATION OF MAXWELL EQUATIONS that nodal £ Version FEM converge with optimal rates in the weighted energy space. Numerical experiments [22] for the source problem as well as for the eigenvalue problem were first performed with the FE library MÉLINA [30] , combining geometric mesh refinement towards the corners with simultaneous increase of the polynomial degree of the approximation. These numerical experiments showed exponential convergence well-known for £ ¥ ¤ -FEM applied to standard scalar second order elliptic equations. The experiments [22] were corroborated by computations with the £ ¦ ¤ -FE library CONCEPTS [24] using conforming £ ¥ ¤ -FEM on geometric meshes of quadrilaterals with hanging nodes. This raised hope that the exponential convergence of nodal £ ¥ ¤ -FEM for scalar problems could be transferred to Maxwell equations via weighted regularization.
The main task of the present paper is to prove that this is true: For a wide range of continuous, nodal to the solution in the weighted energy norms. The reason why judicious combinations of polynomial degrees and geometric mesh refinement give exponential convergence rates is the same as for the standard elliptic operators investigated in [5, 6] : The asymptotics of the solution at a corner is a linear combination of terms of the form % . But, whereas for "standard" problems investigated in [5, 6] . The structure of the weight is thus similar to that of the singularities and combines perfectly with the fundamental properties of
One of the main difficulties with nodal FEM for Maxwell's equations is the strong singularity of the solutions. It is known that the most singular part (the non-
C D
contribution corresponding to negative exponents ) can be written in the form of the gradient of a singular potential: For finite regularity, this is the BIRMAN-SOLOMYAK decomposition ( [11] , see also [20, 16] in weighted spaces). Our exponential convergence proof for analytic data relies on generalizing the Birman-Solomyak decomposition to weighted analytic spaces. Our
£ ¥ ¤
-FEM is based on a coercive formulation in spaces for which the embedding into 0 1 is compact. Therefore, thanks to standard tools (Céa Lemma), our approximation results and the analytic regularity yield exponential convergence of Maxwell solutions at any fixed frequency. Moreover, as a direct consequence of the classical estimates of [7] , we can derive also exponential convergence of £ ¥ ¤ -FEM approximations to Maxwell eigenvalues and eigenvectors. This is in contrast to the situation with edge elements, where approximation estimates have to be combined with the proof of the discrete compactness property which is not obvious for the ¤ Version [13, 12] . The price to pay for circumventing the discrete compactness in our analysis is the construction of a
We emphasize that is merely a technicality of our proof for a discrete analog of the Birman-Solomyak decomposition, but has no influence on the £ ¥ ¤ -FE discretization which only uses nodal, Lagrangian interpolants. The £ ¦ ¤ Version FEM for edge elements is now widely used in practice, see [1, 31] for example. It has not yet been thoroughly analyzed from a theoretical point of view for the Maxwell equations, however. A step in that direction is [2] where exponential convergence is proved for Raviart-Thomas elements when approximating a scalar Laplace equation in mixed form.
where is a divergence free field with analytic regularity. We postpone the analysis of the £ ¥ ¤ FEM in three dimensions -the basic functional results of weighted regularization leading to the convergence of the £ Version are proved for three-dimensional polyhedra in [20] . In Section 1, we give a brief account of the weighted regularization introduced in [20] . Next, in Section 2, we study analytic regularity for our Maxwell boundary value problem on polygons. The main result in Theorem 2.7 and Corollary 2.8 gives a decomposition of the solution into a "regular" part and a gradient containing the main corner singularity. The regularity of both the regular part and the potential of the gradient are characterized precisely in terms of weighted analytic spaces.
The subsequent part of the paper is devoted to £ ¥ ¤ finite element convergence analysis. It is divided into an abstract part comprising Sections 3, 4, 5 and a specific part with applications in Section 6. The abstract part axiomatizes mesh and degree selection principles sufficient for exponential convergence for the specific examples of £ ¥ ¤ -FE spaces that we have in mind. These examples include the main classes of finite elements most frequently used in The finite element method for the weighted regularization consists in Galerkin approximation based on finite dimensional subspaces
Analytic regularity
The error analysis of our method is based on two principles:
of the solution into a regular part and a gradient, in the style of BIRMAN-SOLOMYAK [10] . Note that this is not a Hodge or Helmholtz type decomposition where is represented by means of a vector and a scalar potential. The latter would not provide the required additional regularity.
2. The use of weighted analytic function spaces of the type of Babuška-Guo's "countably normed spaces" [5] .
In [20] , the error analysis of the £ Version FEM was similarly based on the Birman-Solomyak decomposition and regularity in weighted Sobolev spaces of (arbitrarily high but) finite order.
As usual for Maxwell's equations, we will obtain our regularity results as corollaries of better known results for the Laplace operator.
2.a Corners
We gather in this section the notations relating to the geometry of the domain which will be used all over the paper. We recall that we denote by can be empty in the case of a convex polygon. In this case, the analysis will simplify, because we will not need the Birman-Solomyak decomposition. Geometric mesh refinement is generally needed also towards convex corners to achieve exponential convergence.
We also introduce an open covering 
Remark. If we take 3 
9
, we have 
Geometric meshes
We address in this section the principles which have to be satisfied by the geometric meshes on which £ ¥ ¤ -FEM spaces are constructed. Not all meshes satisfying the axioms of this section will be suitable for our £ ¥ ¤ approximation schemes, however: implicit conditions on the mesh stemming from the axioms on function spaces and interpolation operators of Section 4 below may have to be imposed. In some cases, the algebraic and analytic conditions on the £ ¦ ¤ -FE spaces can lead to conditions of purely geometric nature on the mesh. An example for this is Lemma 6.2 below for bilinearly mapped, quadrilateral elements.
We illustrate our definitions by three examples of geometric meshes on a L-shaped domain, in 
We have written the conditions on the mesh families in the easiest way for their application to error estimates. It is also interesting to draw consequences of these conditions on the layers 
3.c Patches
The construction of £ ¥ ¤ -interpolants in Section 4 will be a two-step procedure. In the first step, one constructs a basic interpolant defined elementwise which will in general not satisfy interelement continuity conditions. The construction may even start from a projection operator that has no pointwise interpolation properties at all and which is then corrected on the element level in order to interpolate a certain number of derivatives at the nodes.
In the second step, conformity, i.e. inter-element continuity, is achieved by the construction of interface correctors that are defined on patches of elements (2 or 3 elements, in general) that share an interface.
We now define the hypotheses that the geometry of such patches will have to satisfy.
Definition 3.2 (i)
We call patch a subset of a mesh 
-Interpolants
In this section, we describe the general structure of the function spaces and interpolation operators that will serve to construct the finite dimensional subspaces of the energy space used as test and trial spaces, and analyze their approximation properties in weighted analytic spaces.
We want to construct conforming finite element approximations with error estimates based on the decomposition (2.14) of the solution into a regular part and a gradient ¢ ¥ ¤¦¨ '
. This elements will be used; the 2 D elements are a purely theoretic tool required by our strategy of proving error estimates.
These requirements are specific to our method of approximation for Maxwell's equations and they demand a certain degree of flexibility and generality of the hypotheses for the function spaces and interpolants.
We are going to introduce our collection of axioms in the order which could be the most natural for the reader: In 
Three concrete
¡ -Element Families
Here we present the two chains of elementary subspaces and interpolants according to requirements (5.1)-(5.2) for three different families of £ ¥ ¤ -elements for which we verify the conditions of the preceding convergence analysis. The element families considered consist of (a) rectangular elements on geometric meshes with hanging nodes, or (b) triangular elements on regular geometric meshes, or (c) bilinearly mapped quadrilaterals on geometric meshes.
In each case, a 
6.a Affine quadrilaterals (rectangles) with hanging nodes
Here we consider affine quadrilaterals in the following restrictive sense: There exists a global affine mapping which transforms the whole mesh into a rectangular mesh with hanging nodes. Thus the directional derivatives . It is not hard to see that our analysis allows to combine several meshes of this type, plus additional triangular and quadrilateral elements, under the condition that the matching between different meshes is done in the unrefined regions, see Figure 4 . The geometric meshes investigated in [2] are similar. is likewise attained by 
6.a.(i) Primary interpolants
6.c.(iii) Conclusion
The corner and boundary correctors are constructed with the same technique as in 6.c(i) for the primary interpolants. All our axioms are then satisfied.
Concluding Remarks
In the present paper, we have proved exponential convergence of conforming £ ¥ ¤ -FE approximations for the weighted regularization of the time-harmonic Maxwell equations in polygons. Let us conclude by emphasizing some points from the technical discussion of the preceding sections.
We assumed that the exact bilinear form of the weighted regularization (1.3) for Maxwell's equations can be computed in our £ ¦ ¤ -FEM -a rather strong assumption since the element stiffness matrices contain the possibly non-polynomial weight function mesh and element classes admissible in the present convergence analysis are -even when considered for standard elliptic boundary problems -more general than those previously given (e.g in [25, 26] ). In particular, the £ ¥ ¤ -convergence results in [25, 26] are special cases of our Axioms on meshes and local polynomial spaces. The [27] .
Moreover, the results are not limited to geometric meshes of type a), b) and c) -in fact, our proof technique gives exponential rates of convergence also on geometric mesh families with a mixture of any of the above element types, as e.g. triangles and bilinearly mapped quadrilaterals, of triangles and affine quadrilaterals with hanging nodes. Our concept of 'semi-reference elements' allows also to treat curved boundaries for domains which are parametrized by a fixed number of analytic patch maps stemming, for example, from NURBS-type CAD models of the computational domain. This is confirmed by numerical experiments in [22] .
Appendix: polynomial interpolants and trace liftings
We gather in this section the technical material relating to projection operators and trace liftings in polynomial spaces necessary for the proof of the previous results. This material mainly comes from [27, 32] . 
8.a Polynomial approximation results in one dimension
8.b Polynomial approximation in two dimensions
Polynomial approximations in two dimensions will be obtained by tensor product construction: Set 
